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Abstract
The main object of this paper is to investigate several general families of hypergeometric polyno-
mials and their associated single-, double-, and triple-integral representations. Some known or new
consequences of the general results presented here, involving such classical orthogonal polynomials
as the Jacobi, Laguerre, Hermite, and Bessel polynomials, and various other relatively less familiar
hypergeometric polynomials, are also considered. Each of the integral representations, which are de-
rived in this paper, may be viewed also as a linearization relationship for the product of two different
members of the associated family of hypergeometric polynomials.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction and definitions
Let {Am,n}∞m,n=0 be a suitably bounded double sequence of essentially arbitrary (real
or complex) parameters. Over three decades ago, Srivastava [11] considered the following
general family of polynomials:
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k (n ∈ N0; N ∈ N), (1)
where (and throughout this investigation) [κ] denotes the greatest integer in κ ∈ R and
(λ)ν denotes the Pochhammer symbol (or the shifted factorial, since (1)n = n! for n ∈ N0)
defined (for λ, ν ∈ C and in terms of the familiar Gamma function) by




1 (ν = 0; λ ∈ C\{0}),
λ(λ + 1) . . . (λ + n − 1) (ν = n ∈ N; λ ∈ C),(
N0 := N ∪ {0}; N := {1,2,3, . . .}
)
. (2)
The polynomials SNn (z) and their variants have been considered, in recent years, by nu-
merous other workers on the subject (see, for details, González et al. [5, p. 145 et seq.] and
Lin et al. [9, p. 448 et seq.]). Here, in our present investigation, we consider the following



























k! (N ∈ N; n ∈ N0). (6)













(n ∈ N0), (7)
it is easily seen from the definitions (3) to (6) that
PLn,N (z;λ) = lim|α|→∞











Rn,N (z) = lim|α|→∞
{QMn,N(zαM ;α)} (10)
or, equivalently,









S.-D. Lin et al. / J. Math. Anal. Appl. 294 (2004) 399–411 401which exhibit the fact that each of the polynomials PLn,N (z;λ), QMn,N(z;α), and Rn,N (z)
is a limit case of the polynomials SL,Mn,N (z;λ,α) which, in turn, are a special case of the
polynomial system SNn (z) defined by (1) when
An,k = (λ + n)Lk
(α + 1)Mk (L,M ∈ N; n, k ∈ N0). (12)
Our principal objective in this investigation is first to derive some single-, double-, and
triple-integral representations associated with the polynomials defined by (3) to (6). We
also consider several known or new special cases and consequences of our main results, in-
volving such classical orthogonal polynomials as the Jacobi, Laguerre, Hermite, and Bessel
polynomials, and various other related hypergeometric polynomials.
2. Single-, double-, and triple-integral representations








(−m)Nk(−n)Nl(λ + m)Lk(µ + n)Ll







Γ (λ +µ +m + n)
Γ (λ + m)Γ (µ + n)
Γ (α + 1)Γ (β + 1)




(−m − n)(k+l)N(λ+ µ + m + n)(k+l)L





· Γ (m + n − (k + l)N + 1)
Γ (m − Nk + 1)Γ (n − Nl + 1)
Γ (λ+ m + Lk)Γ (µ + n + Ll)
Γ (λ+ µ + m + n + (k + l)L)
· Γ (α + β + (k + l)M + 1)
Γ (α + Mk + 1)Γ (β + Ml + 1) , (13)
where we have made repeated use of the following elementary identity:
(−n)Nk = (−1)Nk n!
(n − Nk)!
(
0 k  [n/N]; N ∈ N; n ∈ N0
)
. (14)
Now we recall the integral formula (cf., e.g., [18, Example 39, p. 263]; see also [10,
p. 9]) as given below:
π/2∫
0
cosα+β ϑ cos(α − β)ϑ dϑ = π
2α+β+1
Γ (α + β + 1)
Γ (α + 1)Γ (β + 1)
(
R(α + β) > −1), (15)
which can readily be rewritten in the following (more convenient) form:
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ei(α−β)ϑ cosα+β ϑ dϑ
(
R(α + β) > −1; i := √−1 ). (16)
By appealing appropriately to (16) as well as the familiar Eulerian beta integral in the form:
b∫
a
(t − a)α−1(b − t)β−1 dt = (b − a)α+β−1 Γ (α)Γ (β)
Γ (α + β)
(
R(α) > 0; R(β) > 0; a = b), (17)







Γ (λ+ µ + m + n)Γ (α + 1)Γ (β + 1)












(−m − n)(k+l)N(λ+ µ + m + n)(k+l)L
(α + β + 1)(k+l)M




l! dt dϑ dϕ(
R(α + β) > −1; min{R(λ),R(µ)}> 0; a = b; L,M,N ∈ N; m,n ∈ N0),
(18)
where, for convenience,
Θ(α,β)m,n (ϑ,ϕ) := ei(m−n)ϑ+i(α−β)ϕ cosm+n ϑ cosα+β ϕ, (19)






























provided that each of the series involved is absolutely convergent, the double sum in (18)
can be reduced to a single sum which, in turn, is interpretable by the definition (3). We are
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Γ (λ+ µ + m + n)Γ (α + 1)Γ (β + 1)





























R(α + β) > −1; min{R(λ),R(µ)}> 0; a = b; L,M,N ∈ N; m,n ∈ N0),
(23)
where Θ(α,β)m,n (ϑ,ϕ) is given by (19) and




xei(Mϕ−Nϑ) + ye−i(Mϕ−Nϑ)}. (24)
In a similar manner, we can derive the following single- and double-integral represen-







Γ (λ + µ + m + n)































> 0; a = b; L,N ∈ N; m,n ∈ N0
)
, (25)
where [cf. Eq. (24)]
ΨN [x, y;ϑ] = (2 cosϑ)−N
(







Γ (α + 1)Γ (β + 1)












R(α + β) > −1; M,N ∈ N; m,n ∈ N0
)
, (27)
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Rm,N (x)Rn,N(y) = 2
m+nm!n!








(N ∈ N; m,n ∈ N0), (28)
where ΨN [x, y;ϑ] is given by (26).










(N ∈ N; k ∈ N0; λ ∈ C), (29)
each of the polynomials defined by (3) to (6) can easily be rewritten as a generalized
hypergeometric polynomial as follows:











































, . . . ,
λ+ N − 1
N
(N ∈ N)
and (as usual) pFq denotes a generalized hypergeometric function with p numerator and
q denominator parameters, defined by [4, Chapter 4]
pFq(α1, . . . , αp;β1, . . . , βq; z) = pFq

 α1, . . . , αp;
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∞∑
n=0
(α1)n . . . (αp)n




p,q ∈ N0; p  q + 1; p  q and |z| < ∞;










βj /∈ Z−0 ; j = 1, . . . , q
)
. (35)
In terms of these families of generalized hypergeometric polynomials, the integral rep-




















Γ (λ+ µ + m + n)Γ (α + 1)Γ (β + 1)








(t − a)λ+m−1(b − t)µ+n−1Θ(α,β)m,n (ϑ,ϕ)
· N+LFM

∆(N;−m− n),∆(L;λ+ µ + m + n);














] dt dϑ dϕ
(
R(α + β) > −1; min{R(λ),R(µ)}> 0; a = b; L,M,N ∈ N; m,n ∈ N0),
(36)




















Γ (λ + µ + m + n)




(t − a)λ+m−1(b − t)µ+n−1ei(m−n)ϑ cosm+n ϑ
−π/2
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





















> 0; a = b; L,N ∈ N; m,n ∈ N0
)
, (37)




















Γ (α + 1)Γ (β + 1)














R(α + β) > −1; M,N ∈ N; m,n ∈ N0
)
, (38)





























(N ∈ N; m,n ∈ N0), (39)
where ΨN [x, y;ϑ] is given by (26).
We now proceed to apply the integral representations (36) to (39) to a number of widely-
investigated specific hypergeometric polynomials.
(I) Jacobi polynomials. The classical Jacobi polynomials P (α,β)n (x) of degree n in x
(and with parameters or indices α and β) may be defined by (cf., e.g., [16, Chapter 4])





























Thus, by letting L = M = N = 1 in (36), we obtain






Γ (λ+ µ + m + n)Γ (α + 1)Γ (β + 1)








(t − a)λ+m−1(b − t)µ+n−1Θ(α,β)m,n (ϑ,ϕ)
· 2F1
(

















R(α + β) > −1; min{R(λ),R(µ)}> 0; a = b; m,n ∈ N0), (42)
which, upon setting
β → γ, x → 1 − x
2
, y → 1 − y
2
, λ = α + β + 1, and µ = γ + δ + 1,







Γ (α + β + γ + δ + m + n + 2)
Γ (α + β + m + 1)Γ (γ + δ + n + 1)
· Γ (α + m + 1)Γ (γ + n + 1)





























R(α + β),R(α + γ ),R(γ + δ)}> −1; a = b; m,n ∈ N0), (43)
where Θ(α,β)m,n (ϑ,ϕ) and ΦM,N [x, y;ϑ,ϕ] are given by (19) and (24), respectively.
The case a = b − 1 = 0 of (43) would correspond to the corrected version of the main
result of an earlier paper by Chatterjea [3, Eq. (2.13), p. 756]. Formula (43) can indeed
be further specialized to deduce the corresponding integral representations associated with
such particular cases of the Jacobi polynomials P (α,β)n (x) as, for example, the Gegenbauer
(or ultraspherical) polynomials for which α = β , the Chebyshev polynomials of the first
and second kind for which α = β = −1/2 and α = β = 1/2, respectively, and the Legendre
(or spherical) polynomials for which α = β = 0.
(II) Bessel polynomials. For the Bessel polynomials yn(x;α,β) defined by (cf. [8]; see
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yn(x;α,β) := 2F0
(











Γ (α + γ + m + n − 2)































> 1; a = b; m,n ∈ N0
)
, (46)
where ΨN [x, y;ϑ] is given by (26).
(III) Laguerre polynomials. The classical Laguerre polynomials L(α)n (x) of degree n
















1F1(−n;α + 1;x). (48)
Thus, by setting M = N = 1, our general result (38) immediately yields Carlitz’s for-






Γ (α + m + 1)Γ (β + n + 1)














R(α + β) > −1; m,n ∈ N0
)
, (49)
where Θ(α,β)m,n (ϑ,ϕ) and ΦM,N [x, y;ϑ,ϕ] are given by (19) and (24), respectively.
Several markedly different generalizations of the aforementioned integral representa-
tions of, for example, Carlitz [1] and Chatterjea [2,3] were investigated systematically by
Srivastava et al. [12,13,15].
(IV) Hermite polynomials. For the classical Hermite polynomials Hn(x) defined by (cf.,
e.g., [16, Chapter 5])










































dϑ (m,n ∈ N0), (52)
where ΨN [x, y;ϑ] is given by (26).
(V) Konhauser–Toscano polynomials. The biorthogonal polynomials Zαn (x;M)




























were considered by Toscano [17] without their biorthogonality property (which was em-
phasized upon by Konhauser [7]). For these Konhauser–Toscano polynomials, it is not





Γ (α + Mm+ 1)Γ (β + Mn + 1)













R(α + β) > −1; M ∈ N; m,n ∈ N0
)
, (55)
where Θ(α,β)m,n (ϑ,ϕ) and ΦM,N [x, y;ϑϕ] are given by (19) and (26), respectively.
Since
Zαn (x;1)= L(α)n (x) (n ∈ N0), (56)
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(55) when M = 1.
(VI) Gould–Hopper polynomials. For the Gould–Hopper generalization of the classical
Hermite polynomials Hn(x), which is defined by (cf. [6, Eq. (6.2), p. 58]; see also [14,






















g2n(2x,−1) = Hn(x), (59)























{ΨN [yN/σ, xN/ρ;ϑ]}1/N ;−ρσ
)
dϑ (m,n ∈ N0), (60)
where ΨN [x, y;ϑ] is given by (26).
In light of the relationship (59) with the classical Hermite polynomials, this last result
(60) would reduce at once to (52) when
N = 2, ρ = σ = 1, x → 2x, and y → 2y.
Many more consequences and applications of the general single-, double-, and triple-
integral representations of the preceding section can be deduced for other classes of hyper-
geometric polynomials.
We conclude this investigation by remarking that each of the integral representations
(which we have presented in this paper) may be looked upon as a linearization relation-
ship for the product of two different members of the associated family of hypergeometric
polynomials.
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